Nucleon axial form factor from generalized parton distributions by Hashamipour, Hadi et al.
Nucleon axial form factor from generalized parton distributions
Hadi Hashamipoura,∗ Muhammad Goharipourb,† and Siamak S. Gousheha‡
aDepartment of Physics, Shahid Beheshti University, G.C., Evin, Tehran 19839, Iran
bSchool of Particles and Accelerators, Institute for Research in
Fundamental Sciences (IPM), PO Box 19568-36681, Tehran, Iran
(Dated: March 14, 2019)
It is well established that the nucleon form factors can be related to Generalized Parton Dis-
tributions (GPDs) through sum-rules. On the other hand, GPDs can be expressed in terms of
Parton Distribution Functions (PDFs) according to Diehl’s model. In this work, we use this model
to calculate polarized GPDs for quarks (H˜q) using the available polarized PDFs obtained from the
experimental data, and then study the axial form factor of nucleon. We determine parameters of the
model using standard χ2 analysis of experimental data. It is shown that some parameters should be
readjusted, as compared to some previously reported values, to obtain better consistency between
the theoretical predictions and experimental data. Moreover, we study in details the uncertainty of
nucleon axial form factor due to various sources.
PACS numbers:
I. INTRODUCTION
Measurement of proton spin asymmetry in polarized
deep inelastic scattering (DIS) experiment performed by
European Muon Collaboration in 1987 [1] showed that
the total contribution from quark spin to the proton’s
spin is less than half. Since that time, along with
the studies of unpolarized parton distribution functions
(PDFs), many experimental, theoretical and phenomeno-
logical investigations have been performed to understand
the constituents of the proton’s spin and also determine
their distributions. In this regard, the determination of
polarized PDFs (PPDFs), which describe the structure
of a nucleon in a helicity eigenstate, by performing a
global analysis of available experimental data has also
been of great interest [2–13]. On the other hand, the
structure of nucleon both in unpolarized and polarized
cases can be investigated in more detail using generalized
parton distributions (GPDs) [14–28] which comprise im-
portant concepts of Quantum Chromodynamics (QCD).
Actually, GPDs provide quantitative information on the
longitudinal and transverse distribution of partons inside
the nucleon, and also their intrinsic and orbital angular
momenta. Therefore, studying GPDs can shed light on
various aspects of hadron structure.
An accurate knowledge of GPDs is essential for un-
derstanding and describing various hard exclusive pro-
cesses [14, 15, 19], such as deeply virtual Comp-
ton scattering (DVCS), timelike Compton scattering
(TCS), exclusive meson production by longitudinally po-
larized photons and photoproduction of heavy vector
mesons [29]. One of the main important properties of
GPDs is their mutual relations with PDFs and elastic
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form factors (FFs). On one hand, GPDs are the off-
forward kinematic generalizations of the ordinary PDFs
which play a crucial role in inclusive DIS. In other words,
PDFs can be recovered from GPDs (in the so-called for-
ward limit) by setting to zero the extra variables in
GPDs, such as the transverse momentum between the
initial and final protons and skewness parameter. On
the other hand, FFs (including the electric and magnetic
form factors, or even the form factors associated with
the energy-momentum tensor) which are other important
quantities giving us valuable information on the structure
of nucleon can be obtained from GPDs as well [30–32].
In fact, GPDs give us not only all the information con-
tained in FFs, but also other useful information, for ex-
ample, about the transverse displacement of partons [33].
Consequently, from this point of view, GPDs are general-
ization of both PDFs and FFs. It is worth noting that the
axial form factors (AFFs) which are fundamental quan-
tities that describe spin content of the nucleon are also
intimately related to polarized GPDs (see Section II).
Just like PDFs and PPDFs, GPDs are essentially non-
perturbative objects, so that they cannot be determined
directly from the perturbative QCD apart from first
Mellin moments in special cases in lattice QCD [23, 24].
Although early studies of GPDs using various dynamical
models of the nucleon structure (see Ref. [28] and refer-
ences therein) have played an important role for better
understanding of GPDs and exclusive processes, but at
the moment, more attention is being paid to determine
GPDs from fitting the available experimental data (see
Ref. [27] and references therein). Actually, the extraction
of GPDs from exclusive processes, for which all particles
are detected in the final state, is theoretically well devel-
oped. There are valuable experimental data from DVCS
on proton at HERA collider which cover a wide kinemat-
ical region (see Table 4 of [27]). For the case of DVCS
experiments with fixed proton target, there are also some
data on various observables from HERMES, CLAS and
Hall A Collaborations (see Table 5 of [27]). Nevertheless,
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2DVCS data-taking will be continued at CERN by the
COMPASS Collaboration [34]. The future measurements
in Jefferson Lab (JLab) by CLAS Collaboration [35] with
experiments starting at 12 GeV (CLAS12) will also pro-
vide new information on valence region. Moreover, one
of the main goals of future Electron-Ion Collider (EIC) is
the measurement of DVCS observables and FFs [36] that
makes the extraction of both H and E GPDs possible.
As mentioned, FFs can be written in terms of GPDs,
and hence their measurements can give us useful im-
portant information on GPDs. In the case of nucleon
spin studies, AFFs which are related to polarized GPDs
can be extracted using various approaches [37–44]. One
can find a review of experimental data in Refs. [45, 46].
Many lattice QCD calculations of FFs have also been
done since 1980s and have lead to considerable results. In
recent years, lattice QCD simulations of AFFs have been
presented for pion masses in the range mpi = 0.2 − 0.6
GeV [47–53]. Very recently, PACS Collaboration has re-
ported the result of a lattice QCD calculation of nucleon
AFF in 2+1 flavor near the physical pion mass [54]. In
addition, neural networks can be applied to extract nu-
cleon AFF from experimental data. In particular, the
authors of Ref. [55] have used this tool to analyze the
neutrino-deuteron scattering data measured by the Ar-
gonne National Laboratory (ANL) bubble chamber ex-
periment.
In this work, we study the nucleon axial form fac-
tor and polarized GPDs, given the fact that they are
connected via sum rules. Although, there are various
models [56–61] and parameterizations [62–64] for GPDs,
we use a practical ansatz suggested by Diehl [30–32]
which relates the predetermined (polarized) PDFs as in-
put to (polarized) GPDs. An important advantage of
this ansatz is that it has a few free parameters to be
fixed by analyzing experimental data. Considering dif-
ferent scenarios, we determine parameters of the model
using standard χ2 analysis of experimental data for nu-
cleon AFF.
This paper is organized as follows. In Section II,
the theoretical framework of our study is presented
and we briefly describe the physics related to GPDs
and AFFs. Our method to obtain optimum values
for the polarized GPDs of quarks using the available
experimental data for nucleon AFF is also introduced in
this section. Section III is devoted to introduction of the
experimental data which are used in our χ2 analyses. In
Section IV, we study in detail the nucleon AFF with em-
phasis on its dependence on PPDFs according to Diehl
model [30–32], and also the value of scale µ2 associated
with the PPDFs. Moreover, we investigate the model
uncertainties that are imposed on the nucleon AFF from
various sources. In Section V, we determine the best
values of parameters of the model by performing some
χ2 analyses of nucleon AFF data in various scenarios
and discuss the results obtained and possible outlooks.
Finally, we summarize our results and conclusions in
Section VI.
II. THEORETICAL FRAMEWORK
In this section, we briefly review physical concepts
on GPDs and nucleon AFF, and present the theoret-
ical framework we use to obtain optimum values and
bounds for polarized GPDs using the available experi-
mental data for nucleon AFF. As mentioned in the In-
troduction, GPDs (PDFs) are non-perturbative objects
needed for describing hard exclusive (inclusive) electro-
production processes, which are defined as matrix ele-
ments of quark and gluon operators at a light-like separa-
tion between two proton states with different (same) mo-
menta. GPDs are also universal objects just like PDFs,
because they can be defined in the framework of QCD
collinear factorization for hard exclusive processes [65, 66]
such as DVCS and exclusive meson production by longi-
tudinally polarized photons. The importance of GPDs
is due to the fact that they contain valuable information
on the hadron structure in QCD. Actually, the distribu-
tions of quarks and gluons in hadrons in terms of both
momentum fractions and position in the transverse plane
can be well described through GPDs.
In the present work, we use the convention of Ji [67] for
GPDs, in which H, E, H˜ and E˜ are defined as [15, 19]:
1
2
∫
dz−
2pi
eixP
+z−〈p′| q¯(−1
2
z) γ+q(
1
2
z) |p〉
∣∣∣
z+=0,
z⊥=0
=
1
2P+
[
Hq(x, ξ, t) u¯(p′)γ+u(p) + Eq(x, ξ, t) u¯(p′)
iσ+α∆α
2m
u(p)
]
,
1
2
∫
dz−
2pi
eixP
+z−〈p′| q¯(−1
2
z) γ+γ5 q(
1
2
z) |p〉
∣∣∣
z+=0,
z⊥=0
=
1
2P+
[
H˜q(x, ξ, t) u¯(p′)γ+γ5u(p) + E˜q(x, ξ, t) u¯(p′)
γ5∆
+
2m
u(p)
]
,
(1)
where z = (z+, z⊥, z−). As one can readily see from
Eq. (1), GPDs have three degrees of freedom, and then
are expressed as functions of three parameter x, ξ and
t. The first argument is the well-known Bjorken scaling
3variable (the average momentum fraction) x = Q
2
2p·q , with
photon virtuality Q2. Another longitudinal variable that
has a crucial role in GPDs is ξ = p
+−p′+
p++p′+ , which is called
“skewness”. The last argument is t = (p′ − p)2 = ∆2 =
−Q2, i.e. the squared of the momentum transferred to
the target.
As mentioned, GPDs cannot be calculated from per-
turbative QCD, but there are some lattice QCD calcu-
lations [23, 24]. A suitable method to extract GPDs
is performing a χ2 analysis of experimental data using
factorization theorem. Hard exclusive processes such as
DVCS [27] and meson production [32] are most used ex-
periments for the extraction of GPDs. As data on hard
exclusive processes are much less than inclusive processes,
extraction of GPDs from experimental data is not yet
feasible with precisions comparable to PDFs. One of the
best ways to overcome this problem is using a model for
GPDs, but with as few parameters as possible. In this
work, we implement Diehl’s model [30] for calculating po-
larized GPDs which can be expressed in terms of PPDFs
and also has few free parameters to be fixed by fitting to
nucleon AFF data. We describe the model below.
It is well established now that various nucleon FFs can
be related to GPDs through sum-rules [32]. For example,
the Dirac and Pauli form factors, F1 and F2, for proton
and neutron can be expressed in the following form
F pi = euF
u
i + edF
d
i + esF
s
i ,
Fni = euF
d
i + edF
u
i + esF
s
i , (2)
where i = 1, 2 and F qi is the contribution from quark
flavor q to the nucleon form factor FAi , with A = p, n.
As usual, eq is the electric charge of the quark in units
of the positron charge. Now, the flavor form factors F qi
can be written in terms of the proton “valence GPDs”
Hv and Ev for unpolarized quarks of flavor q as
F q1 (t) =
∫ 1
0
dx Hqv (x, t),
F q2 (t) =
∫ 1
0
dx Eqv(x, t), (3)
where valence GPDs Gv = Hv, Ev for flavor q are ex-
pressed in terms of “quark GPDs” G as
Gqv(x, t) = Gq(x, ξ = 0, t) + Gq(−x, ξ = 0, t), (4)
with Gq(−x, ξ = 0, t) = −G q¯(x, ξ = 0, t). Note that the
result, as a consequence of Lorentz invariance, is inde-
pendent of skewness ξ, so one can choose zero skewness
GPDs and omit this variable.
As we pointed out, some models for GPDs use ordi-
nary PDFs as input. Considering this fact, PDFs can be
defined as
q(x) =
∫
dz−
2pi
e−ixP
+z−〈p| q¯(z) γ+q(0) |p〉
∣∣∣
z+=0,
z⊥=0
, (5)
and then recovered from GPDs at forward limit (t =
0). For example, for positive x, the GPD H changes to
the usual quark and antiquark densities as Hq(x, 0, 0) =
q(x) and Hq(−x, 0, 0) = q¯(x). According to the Diehl’s
ansatz [30] which gives x and t dependence of GPDs at
zero skewness, the valence GPDs Hqv , for example, can
be related to ordinary valence PDFs as
Hqv (x, t) = qv(x) exp[tfq(x)], (6)
in which the profile functions fq(x) specifies the x depen-
dent width. Actually, this ansatz assumes an exponen-
tial t dependence with a x-dependent slope for Hqv . The
profile functions fq(x) can have the simple form shown
below, which we shall henceforth call the simple ansatz,
fq(x) = α
′(1− x) log 1
x
. (7)
This ansatz, along with a more complex one also given in
[30], were used for example, in Ref. [31] for the strange
Dirac form factor F s1 . The value of α
′ can be extracted by
analyzing the soft hadronic scattering processes like kaon-
nucleon scattering or photoproduction of the mesons;
Various analyses have indicated that its values should
be close to one [30–32].
In analogy with the Dirac and Pauli FFs, the nucleon
axial form factor can be expressed in terms of polarized
GPDs as [32]
GA(t) =
∫ 1
0
dx
[
H˜uv (x, t)− H˜dv (x, t)
]
+
2
∫ 1
0
dx
[
H˜ u¯(x, t)− H˜ d¯(x, t)
]
. (8)
Note that, for valence polarized GPDs H˜qv , we have
H˜qv (x, t) ≡ H˜q(x, ξ = 0, t)− H˜q(−x, ξ = 0, t), (9)
with H˜q(−x, ξ = 0, t) = H˜ q¯(x, ξ = 0, t). In fact, one
can write the quark contribution to AFF generally as an
integral of polarized GPDs over Bjorken x,
GqA(t) =
∫ 1
0
dx H˜q(x, t), (10)
where q covers here both valence and sea type contribu-
tions of up and down quarks. To be more precise, Eq. (8)
clearly shows that, in contrast to Pauli and Driac FFs,
the axial form factor contains also some contributions
from the sea quark sector. Although these contributions
are not significant compared with those come from va-
lence sector, they cannot be neglected. It is worth not-
ing that Eq. (10) is also the intrinsic spin contribution of
quark q to the spin of nucleon.
According to Diehl’s model, an ansatz similar to that
shown in Eq. (6) can be also considered for valence po-
larized GPDs H˜qv , so that they can be related to valence
polarized PDFs, ∆qv(x) ≡ q+(x)− q−(x), as following
H˜qv (x, t) = ∆qv(x) exp[tf˜q(x)], (11)
4where f˜q(x) is the corresponding profile function which
can have again a simple form like Eq. (7), or a complex
form with more adjustable parameters. For simplicity we
use the ansatz Eq. (11) both for H˜qv (x, t) and H˜
q¯(x, t) in
Eq. (8). In fact, this is an ad hoc ansatz for H˜ q¯(x, t)
whose physical motivation is not as strong as that of the
dominant H˜qv (x, t).
III. EXPERIMENTAL DATA
One of the best ways to investigate the electromagnetic
and weak structure of hadrons is using the electroweak
probes and then measuring various structure form fac-
tors. Actually, the extraction of the electromagnetic nu-
cleon FFs has a long history and remains a popular field
of experimental research. An overview and discussion of
FF data can be found in [32]. Although the vector elec-
troweak FFs, which give us valuable information on the
spatial distribution of the charge and magnetism, have
been explored experimentally to a large extent, our in-
formation about the axial form factors is very limited.
At the present, there are only two classes of experiments
that can be used to determine AFF: first, (anti)neutrino
scattering off protons or nuclei, and second, charged pion
electroproduction.
In this section, we introduce the nucleon AFF data
that is used in our study. For a clear and thorough
review and discussion of AFF data, one can refer to
Refs. [45, 46]). Reference [45] also includes clear expla-
nations about the relevant methods to determine AFF
of the nucleon. For the case of (anti)neutrino scatter-
ing experiments, we use the data obtained by analyzing
the measurements of (quasi)elastic (anti)neutrino scat-
tering off Ca, O and Fe nuclei from MiniBooNE exper-
iments [68]. These data cover a wide range of Q2 in
the interval 0.25 < Q2 < 0.9 GeV2. As mentioned,
the other information on the AFF is obtained from the
analysis of charged pion electroproduction off protons,
slightly above the pion production threshold. Although
such type of analysis is more complicated, but there are
more experimental data of this class. In the present
work, we use a wide range of charged pion electropro-
duction data [45, 69–78]. In such analyses, the Nambu,
Luri and Shrauner low-energy (NLS) theorem [79, 80] is
firstly used for the electric dipole amplitude E
(−)
0+ at pro-
duction threshold. Note that the NLS theorem is valid
for soft pions, namely pions that have vanishing four-
momentum. Then, the so-called hard pion corrections
(model-dependent corrections), labeled as SP, FPV, DR
and BNR, are used to connect the low-energy theorem
to the data; in other words, to the realistic case with a
finite pion mass [45].
In most cases, the AFF data are presented as a simple
parametrization [45]. The commonly used parametriza-
tion for AFF is the so-called dipole ansatz, for its Q2
dependence, which is as follows:
GdipoleA (Q
2) =
gA
1 + Q
2
M2A
, (12)
where the value of axial mass MA varies between 1.03
and 1.07 GeV depending on the method which is used
for analyzing experimental data [45, 46]. The value of
GA at t = 0, the axial charge gA, is precisely determined
from β-decay experiments. As can be seen, Eq. (12) has
only a single free parameter, MA, which should be fixed
by fitting the experimental data. It should be also noted
that, in the Breit frame and for small momenta, such Q2
dependence of AFF leads to an exponentially decrease
for the axial charge distribution [55]. However, from a
theoretical point of view, it has been indicated that this
ansatz is not a good choice, e.g. see [81, 82]. For example,
a recent analysis of GA [83], using conformal mapping or
z-expansion, shows that the dipole ansatz systematically
underestimates the uncertainty of AFF. Therefore, in this
work, we do not implement dipole ansatz and use the
experimental data points directly.
Another important point which should be noted is that
the experimental data of Refs. [68–78] for AFF have been
presented as ratio to GA at t = 0, i.e. GA(Q
2)/GA(0).
Hence one can use two approaches for analyzing these
data: 1) using the original data as ratios, and 2) using
data as GA(Q
2). In the next section, we first use both of
them and compare their results, and then continue our
investigations with just GA(Q
2) data. Note that for ex-
tracting GA(Q
2) data from original GA(Q
2)/GA(0) data
we need the value of GA(0) (axial charge gA). Although
more accurate results for gA can be extracted from recent
measurements of the nucleon lifetime [84], we use the lat-
est value from PDG [85], i.e. gA = 1.2723± 0.0023.
As a last point, note that the total number of data
points from Refs. [68–78] that we can use in our study
is 84. However, comparing data points from various ex-
periments, one find that some of points have same Q2.
Therefore, another way to analyze these data is removing
those with same value of Q2 and retaining most accurate
ones. If we do this, 40 data points will remain which we
refer to them as “reduced data”, in the following.
IV. STUDY OF NUCLEON AXIAL FORM
FACTOR
In the previous sections, we presented the theoretical
framework and experimental information related to the
nucleon axial form factor GA. In this section we study
GA in detail with emphasis on its dependence on PPDFs
according to ansatz Eq. (11), and also the value of scale µ
at which PPDFs are chosen. Moreover, we investigate the
model uncertainties that are imposed upon the nucleon
AFF due to the PPDFs uncertainties and also variation
of α′ in profile functions f(x).
5A. Dependence of GA on the PPDFs
As can be seen from Eq. (8), the nucleon axial form fac-
tor can be related to PPDFs through its dependence on
polarized GPDs, and the relationship between polarized
GPDs and PPDFs. It is natural to expect that using dif-
ferent sets of PPDFs to perform calculations, should not
change behaviour and magnitude of the resulting GA,
otherwise the model can be considered as not flexible
enough or inconsistent. Consequently, in this section, we
choose the simple ansatz given by Eq. (7) and calculate
GA using different sets of PPDF and compare the results
to see if such dependence is present. We will show below
that such dependence is not present and hence the model
can be used to describe the data.
Since the evaluation of the uncertainty in GA due to
the PPDF uncertainties is also of interest, we choose two
NLO PPDF sets DSSV08 [2] and NNPDFpol1.1 [6] which
provide error PPDF sets in addition to their central fit
results [91]. An important advantage of these sets is that
one can calculate the uncertainties in any quantity re-
lated to PPDFs more easily [87, 88]. Figure (1) shows
the results obtained for nucleon axial form factor GA as
a function of Q2 in which the hachured and filled bands
correspond to the NNPDFpol1.1 and DSSV08 PPDFs, re-
spectively. In order to investigate in more detail the dif-
ferences between the predictions in various regions of Q2,
their ratios to the NNPDFpol1.1 prediction have also been
plotted in the bottom panel of Fig. (1). Moreover, the
experimental data from various experiments, which as
explained in the previous section are referred to as “re-
duced”, have been shown for comparison. Both DSSV08
and NNPDFpol1.1 PPDFs have been taken at µ = 2 GeV
as suggested in Refs. [30–32]. Note also that the value
of α′ in the Eq. (7) and (11) has been set to α′ = 0.95
GeV−2 which is in conformity with that which has been
used in the study performed in Ref. [31] on the strange
Dirac form factor F s1 .
According to the results obtained, one can conclude
that if the ansatz Eq. (11) is used for calculating GA,
the final results will not be remarkably sensitive to the
choice of PPDFs set. To be more precise, according to the
bottom panel of Fig. (1), the difference between the re-
sults obtained for GA using the DSSV08 and NNPDFpol1.1
PPDFs is almost less than 2% in full range of Q2, though
the amounts of their uncertainties are somewhat differ-
ent. However, Fig. (1) clearly shows that the model fails
to represent the data. As we shall show below, we can ob-
tain an acceptable fit with a readjustment of parameters
α′ and µ.
B. Dependence on the scale µ of PPDFs
Although the results presented in the previous subsec-
tion for the nucleon AFF GA using the simple ansatz
Eq. (7) follow roughly the experimental data, the ques-
tion to be answered is to what extent the results will
 DSSV
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FIG. 1: The theoretical results obtained for nucleon AFF,
GA, as a function of Q
2 using simple ansatz Eq. (7) with
NLO PPDF sets DSSV08 [2] (filled band) and NNPDFpol1.1 [6]
(hachured band) taken at µ = 2 GeV, value of α′ is set to
0.95 GeV2. The data points labeled as “reduced” are related
to various experiments selected in a procedure explained in
Sec. III.
change if we take PPDFs at scales other than µ = 2
GeV. In Refs. [30], the authors explained that the choice
of scale should be a compromise between being large
enough for PPDFs, ∆qv(x), to be rather directly fixed by
data and small enough to make contact with soft physics
like conventional Regge phenomenology. However, since
the recent analysis of PPDFs performed by the NNPDF
Collaboration, namely NNPDFpol1.1 [6], included a wide
range of the available experimental data which covers the
lower values of µ down to µ = 1 GeV, it is also of interest
to study the impact of taking PPDFs at a scale different
from µ = 2 GeV on the theoretical predictions of GA
using the simple ansatz Eq. (7).
To evaluate the dependence of GA on the value of scale
µ in which PPDFs are chosen, we repeat here the calcu-
lations performed in the previous subsection using the
NNPDFpol1.1 PPDFs but at different values of scale µ.
The results obtained have been shown in Fig. (2) where
the dashed, solid, dotted-dashed and dotted curves cor-
respond to NNPDFpol1.1 PPDFs taken at µ = 1, 2, 3 and
4 GeV, respectively. In order to make a better compari-
son, in the bottom panel, we have also plotted the ratios
of the predictions to the corresponding result obtained
using NNPDFpol1.1 PPDFs taken at µ = 2 GeV as a ref-
erence. As can be clearly seen, by decreasing the value
of µ in which PPDFs are chosen, GA increases especially
for larger values of Q2, so that the difference between
the results of µ = 1 and µ = 2 GeV reaches even to 30%
at Q2 = 2 GeV2. On the other hand, as the value of µ
increases, GA decreases but with a smaller rate than be-
fore, such that the difference between the results of µ = 2
and µ = 4 GeV reaches only to 20% at Q2 = 2 GeV2.
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FIG. 2: The dependence of GA on the value of scale µ in which
PPDFs are chosen. The calculations for the model have been
performed using simple ansatz Eq. (11)(α′ = 0.95 GeV2),
NLO PPDFs of NNPDFpol1.1 [6] taken at µ = 1 (dashed), 2
(solid), 3 (dotted-dashed), and 4 (dotted) GeV. The ratios of
the predictions to the corresponding result of µ = 2 GeV have
been shown in the bottom panel.
Comparing the results of Figs. (1) and (2), one can con-
clude that taking PPDFs at a lower scale µ can lead to a
better description of the experimental data and lessen the
relatively large discrepancy observed in Fig. (1) between
the predictions of the model and experimental data.
C. Model uncertainties
After studying the dependence of the nucleon axial
form factor GA on the PPDFs and also the value of
scale µ at which they are chosen, now we investigate the
amount of uncertainties imposed on predictions of the
model for GA due to various sources and compare them
with each other. According to sum rule given in Eq. (8),
the model uncertainties in GA can arise from the PPDFs
uncertainties, the uncertainty of the scale µ in which
PPDFs are chosen, and the uncertainty of α′ in the profile
function f(x). We have studied the first two in Fig. (1)
and 2, respectively, and here investigate the uncertain-
ties which arise from the α′ variation. For this purpose,
we repeat the calculations performed in Fig. (1) using
NNPDFpol1.1 PPDFs [6] taken at µ = 2 GeV, but this
time vary α′ in the range 0.85 GeV2 < α′ < 1.15 GeV2.
Figure (3) shows a comparison between the model un-
certainties in GA due to the PPDFs uncertainties (filled
band) and α′ variations (hachured band) in aforemen-
tioned range. The bottom panel shows the relative uncer-
tainties obtained by dividing the upper and lower bands
of each prediction by its central value. As can be seen, the
uncertainty arising from the α′ variations is remarkably
dominant compared to the PPDFs uncertainty, except
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FIG. 3: A comparison between the model uncertainties in GA
due to the PPDFs uncertainties (filled band) and α′ variations
(hachured band) in the range 0.85 GeV2 < α′ < 1.15 GeV2.
The theoretical calculations have been performed using sim-
ple ansatz Eq. (7) with NLO PPDFs of NNPDFpol1.1 [6] taken
at µ = 2 GeV. The bottom panel shows the relative uncer-
tainties.
for very small values of Q2 in which the PPDFs uncer-
tainty becomes dominant. Note also that the uncertainty
due to α′ variations is asymmetric, while the PPDFs un-
certainty is symmetric.
V. χ2 ANALYSIS OF THE EXPERIMENTAL
DATA
In the previous section, we found that the nucleon axial
form factorGA is not sensitive to the set of PPDFs chosen
if an anzatz like Eq. (11) is used for connecting GA to
PPDFs via GPDs. However, according to the results
obtained, any change in the scale µ in which the PPDFs
are taken and also the value of α′ in profile function f(x)
can lead to different results for GA. For this reason, in
this section, we compute the best values for parameters
of the model, i.e. µ and α′, by performing χ2 analyses
of the available experimental data. The optimization is
done by the CERN program MINUIT [89].
A. Simple ansatz
In oder to determine the best values of µ and α′ which
are consistent with the experimental data of the nucleon
axial form factor, various scenarios can be considered. As
a first step, we perform a χ2 analysis of all data for the ra-
tio GA(Q
2)/GA(0) from various experiments introduced
in Sec. III. For the theoretical calculations, we consider
simple ansatz Eq. (7) with the NNPDFpol1.1 [6] as input
PPDFs. Note that the theoretical calculation of quantity
7GA(Q
2)/GA(0) is not sensitive to the value of scale µ in
which PPDFs are chosen, since it is performed according
to Eq. (8) and hence both the numerator and domina-
tor include PPDFs similarly. We have examined various
values of µ and found that the results for the value of α′
determined from the fit do not change up to four decimal
places.
With 84 data points and 1 free parameter, the value of
χ2 divided by the number of degrees of freedom is equal
to χ2/d.o.f = 4.237. The value of α′ extracted from the
fit is
α′ = 2.754± 0.0058 GeV2, (13)
which is larger than the result obtained in Ref. [31]
(about 1 GeV2). Using the reduced data set for
GA(Q
2)/GA(0) which includes most precise point among
the data points with the same Q2 (40 data points), the
value of α′ is changed to α′ = 2.476±0.0064 GeV2. How-
ever, the value of χ2/d.o.f increases to 5.129, since more
than 40 data point with larger uncertainties have been
removed from the analysis.
Since, as mentioned before, the quantity
GA(Q
2)/GA(0) cannot put any constraint on the
value of scale µ at which PPDFs are chosen, the above
values obtained for α′ are not very reliable. Actually,
according to the results obtained in the previous section,
we know that the change in µ can change the result
of GA(Q
2) and subsequently the best value of α′.
Consequently, it is more reliable to extract the value of
µ by performing a χ2 analysis of GA(Q
2) data. For this
purpose, we consider the reduced data for GA(Q
2) that
have been obtained from the original measurements of
GA(Q
2)/GA(0), using GA(0) = 1.2723± 0.0023 [85].
Since the quantity GA(Q
2) is sensitive both to the
value of µ and α′, we can determine their optimal val-
ues simultaneously. For this purpose, we can follow two
procedures: 1) Performing several χ2 analysis by choos-
ing different values for µ as a fixed parameter and then
minimizing χ2 with respect to α′ and then plotting the
χ2 as a function of µ to find the point at which χ2 is an
absolute minimum and its corresponding α′. We call this
procedure “minimum tracing”. 2) Taking both µ and
α′ as free parameters and minimizing χ2 with respect to
both simultaneously. By following these two procedures,
we can also find if there is a correlation between µ and
α′.
Figure (4) shows the results obtained for the minimum
tracing of χ2/d.o.f. values of the reduced GA(Q
2) data as
a function of µ in which PPDFs are chosen in calculation
of the nucleon AFF Eq. (8). As can be seen, for the
very small values of µ, the χ2 arises rapidly, while for the
values greater than 1, it increases slowly. Note that the
minimum occurs at about µ = 0.96 GeV which is smaller
than the value considered by the authors of Ref. [31] (µ =
2 GeV). Moreover, the value of α′ corresponding to this
minimum is now as follows
α′ = 0.59± 0.0014 GeV2, (14)
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FIG. 4: The minimum tracing of χ2/d.o.f., shows the mini-
mum of χ2/d.o.f. as a function of µ in which PPDFs are cho-
sen in calculation of the nucleon AFF Eq. (8), for the analysis
of “reduced” GA(Q
2) data utilizing the simple ansatz for the
profile function.
which is also smaller than the result obtained in Ref. [31].
As mentioned earlier, another method is to find the
best values of µ and α′ from the χ2 analysis of reduced
GA(Q
2) data simultaneously. By performing such an
analysis using MINUIT [89], the following results are ob-
tained
α′ = 0.59± 0.0022 GeV2,
µ = 0.962± 0.0098 GeV, (15)
which, as expected, are the same as those of the minimum
tracing method. If we use all of the GA(Q
2) data rather
than its reduced set, these values are changed to
α′ = 0.65± 0.0014 GeV2,
µ = 0.987± 0.11 GeV. (16)
The sensitivity of χ2 to the value of µ and α′ can be
also studied in detail by plotting a contour plot which
includes appropriate ranges of two parameters µ and α′.
Figure (5) shows the contour plot of χ2/d.o.f. as a func-
tion of free parameters µ and α′. As can be seen from
this figure, a steep rise in χ2/d.o.f. occurs, if we increase
or decrease α′ more than 0.1 away from the best value.
This fact means that the value of χ2/d.o.f. is very sensi-
tive to α′, and that the reduced GA(Q2) data can put a
good constraint on α′. This is consistent with the small
uncertainties for α′ given in Eq. (7)and (16). The situa-
tion is somewhat different for parameter µ. Actually, a
steep rise in the χ2/d.o.f. occurs for µ > 2 or µ < 0.9,
but for 0.9 . µ . 2 one can see that χ2/d.o.f. do not
change as much. The minimum value of χ2/d.o.f. has
been shown as a red dot in the figure which occurs in µ
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FIG. 5: (Color online) Contour plot of χ2/d.o.f. as a function
of free parameters µ and α′ for the simple ansatz. The value
of χ2/d.o.f. is shown by colors (see bar legend on the right).
The best value of χ2/d.o.f. is shown as a red dot, the dashed
line shows the path taken in Fig. (4) for the minimum tracing
procedure (see the text for more details).
and α′ values shown in Eq. (15). The dashed line shows
the path in α′ − µ plane taken in Fig. (4) for finding the
minimum value of χ2/d.o.f. using our minimum tracing
procedure. In other words dashed line in Fig. (5) shows
the correspondance between the two procedures for find-
ing the minimum of χ2/d.o.f. explained earlier in this
section; each point on this curve shows the pair α′ and
µ for which Fig. (4) has a corresponding µ and χ2/d.o.f.
pair.
Figure (6) shows a comparison between the theoretical
predictions for the nucleon axial form factor GA using the
values obtained for α′ and µ (Eq. (15)) from the analy-
sis of reduced GA(Q
2) data (filled band) and the results
obtained using default values α′ = 0.95 GeV2 and µ = 2
GeV (hachured band). The data points are those of the
reduced set. As can be seen, the theoretical prediction is
now in more consistent with the experimental data.
B. Complex ansatz
Although Fig. (6) clearly shows that using simple
ansatz Eq. (7) can lead to an acceptable fit of the nu-
cleon axial form factor GA data, it is also of interest to
investigate the effect of considering a more flexible pro-
file function. In Ref. [30], the authors indicated that low
and high-x behavior of profile function f(x) and also the
intermediate x region can be well characterized by the
forms
fq(x) = α
′(1−x)2 log 1
x
+Bq(1−x)2 +Aqx(1−x), (17)
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FIG. 6: A comparison between the reduced experimental data
and theoretical predictions for GA using the values obtained
for α′ and µ (Eq. (15)) from the the fit (filled band) and the
results obtained using default values of [31], α′ = 0.95 GeV2
and µ = 2 GeV (hachured band).
and
fq(x) = α
′(1−x)3 log 1
x
+Bq(1−x)3 +Aqx(1−x)2. (18)
In this section, we examine these profile functions to see
whether any improvement in the theoretical predictions
and the fit can be achieved. Note that for the calcula-
tion of GA according to Eq. (8), one in principle needs to
consider profile function Eq. (17) (or Eq. (18)) for each
flavor uv, dv, u¯ and d¯. In this way, there are 8 more free
parameters that should be determined from the analy-
sis of GA data. The best procedure for selecting the
most appropriate parameters and then finding the opti-
mal parametrization form is performing a parametriza-
tion scan as described in Ref. [90] for the case of PDFs
determination through a QCD analysis of HERA DIS
data.
First, we consider the profile function Eq. (17) and
again use the reduced set of GA data. The value of µ
in which PPDFs are chosen is set to the value obtained
in Eq. (15) using simple ansatz Eq. (7). By performing
a parametrization scan, it is found that none of the free
parameters can lead to a decrease in the value of χ2 more
than one unit as compared to the corresponding value for
the analysis using the simple ansatz (see previous subsec-
tion). Consequently, adding some free parameters in the
form of Eq. (17), even for the valence quark profile func-
tions, will not have any effect on the fit quality. However,
if we use the profile function Eq. (18) instead, some im-
provements can be achieved in the fit quality. We find
that the only parameters that can lead to a significant
decrease in the value of χ2 are the valence quarks pa-
rameters. Moreover, by considering Auv , Buv , Adv and
Bdv as free parameters and setting the other parameters
9for u¯ and d¯ equal to zero, the value of χ2 decreases from
184.1 (which is χ2 for the analysis of reduced GA data
using simple ansatz Eq. (7)) to 173.6. Next we inves-
tigate the possibility of assuming uv and dv parameters
to be equal, to reduce the number of free parameter as
much as possible without damaging the quality of the
fit. For this purpose, we consider Auv = Adv = Av and
Buv = Bdv = Bv, so that only two extra parameters con-
tribute in the fit. The value of µ is again set to the value
obtained in Eq. (15). As a result, we find that the value
of χ2 changes less than two units, namely from 173.6 to
175.0. It means that it is acceptable to take the uv and
dv parameters to be equal and reduce the number of free
parameters. Then, the optimal values obtained for the
parameters of the fit are as follows
α′ = 1.029± 0.22 GeV2,
Av = 12.74± 2.20, Bv = −3.5± 0.64.
(19)
As can be seen, the value of α′ now has increased to
about 1.0 which is consistent with the result obtained in
Ref. [31].
For the analyses performed so far in this subsection, we
have set the value of µ in which PPDFs are chosen equal
to µ = 0.962 GeV according to Eq. (15). However, we
should find the best value of µ by performing a minimum
tracing or considering it as a free parameter of the fit just
like the previous section. Figure (7) shows the results
obtained by minimum tracing of χ2/d.o.f. values of the
reduced GA(Q
2) data as a function of µ using the profile
function Eq. (18) with same Av and Bv parameters for
valence quarks and setting the corresponding sea quark
parameters equal to zero. According to this figure the
minimum occurs at about µ = 1.0 GeV which is some-
what larger than before, but still smaller than µ = 2.0
GeV which has been considered in Ref. [31]. In this situ-
ation, the optimal values obtained for the parameters of
the fit are as follows
α′ = 1.054± 0.22 GeV2,
Av = 13.28± 2.00, Bv = −3.64± 0.64.
(20)
Next we examine the effect of considering µ as a free pa-
rameter whose value is to be determined by simultaneous
optimization along with the other three parameters. We
find that the results do not change significantly, just like
before. The results are,
α′ = 1.054± 0.22 GeV2, µ = 0.997± 0.363 GeV
Av = 13.28± 2.00, Bv = −3.64± 0.64.
(21)
All things considered, we can conclude that using re-
duced set of GA data to determine the best value of µ,
in which PPDFs are chosen, leads to a smaller amount
for it (about µ = 1.0 GeV) as compared to the value
assumed in Ref. [31], whether a simple ansatz is used or
a more flexible ansatz like Eq. (18). However, for the
case of α′, the situation is somewhat different. Actually,
using simple ansatz Eq. (7) leads to α′ = 0.59 which is
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FIG. 7: Same as Fig. (4), but using Eq. (18) for the profile
function.
smaller than the one obtained by the study of strange
Dirac form factor F s1 [31], while using a complex ansatz
like Eq. (18) leads to a value about α′ = 1.054 GeV2
which is in consistent with the result of Ref [31].
It is also of interest now to plot polarized GPDs accord-
ing ansatz Eq. (11) and using profile function Eq. (18)
and values shown in Eq. (21) obtained from final anal-
ysis. Figure (8) shows polarized GPDs H˜uv (top) and
H˜dv (bottom), as a function of x for three different val-
ues of t = −Q2 = 0,−0.5 and 1 GeV2. Note that
for t = 0, we obtain the original polarized PDFs from
NNPDFpol1.1 [6]. As can be seen, as the absolute value
of t increases, the distributions for the valence quarks de-
crease in magnitude and shift somewhat to smaller values
of x, as expected. Note that, the uncertainty of H˜uv is
less than H˜dv , since ∆uv PPDF of NNPDFpol1.1 has less
uncertainty. The corresponding plots for H˜u¯ and H˜d¯ are
shown in Fig (9). Note that in this case, the parame-
ters A and B in profile function Eq. (18) are equal to
zero. This figure shows that as the absolute value of t
increases, the distributions for the sea quarks slightly de-
crease in magnitude and shift to larger x. However their
uncertainty bands are greater than those of the valence
quarks.
We can now compare the result of our final analysis to
the experimental data. Figure (10) shows a comparison
between the theoretical predictions for the nucleon AFF
GA obtained using profile function Eq. (18) with values
Eq. (20) (filled band), and reduced GA(Q
2) data. Note
that NNPDFpol1.1 PPDFs have been chosen at µ = 0.997
GeV as shown in Eq. (21). As can be seen, the theoretical
prediction is in a good agreement with the experimental
data.
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FIG. 8: The polarized GPDs H˜uv (top) and H˜dv (bottom)
as a function of x at µ = 1 GeV for three different values of
t = −Q2 = 0,−0.5. The theoretical calculations have been
performed using ansatz Eq. (11) with profile function Eq. (18)
and values Eq. (21).
VI. SUMMARY AND CONCLUSIONS
An accurate knowledge of generalized parton distribu-
tions is necessary for describing hard exclusive electropro-
duction processes. GPDs are non-perturbative objects
which can be determined using analysis of experimental
data from exclusive processes such as DVCS and meson
production. One of the important properties of GPDs
is their mutual relations with PDFs and form factors.
To be more precise, (polarized) GPDs reduce to (polar-
ized) PDFs in the limit of zero momentum transfer. On
the other hand, the integration of GPDs over Bjorken
x yields Dirac and Pauli form factors. This procedure
for the case of polarized GPDs yields AFF or intrinsic
quark contribution to the nucleon spin. In the present
work, considering Diehl’s model [30–32] to relate GPDs
and PDFs, we have calculated polarized GPDs (H˜q) us-
ing predetermined polarized PDFs and have studied in
details the axial form factor of nucleon GA. As a re-
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FIG. 9: Same as Fig. (8), but for H˜u¯ and H˜d¯.
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FIG. 10: A comparison between the reduced experimental
data and theoretical predictions for GA obtained using profile
function Eq. (18) with values of parameters given Eq. (21)
(filled band). NNPDFpol1.1 PPDFs have been chosen at µ =
0.997 GeV.
sult, we have shown that our model to calculate GA is
11
not sensitive to the choice of PPDFs set, such that the
difference between the results obtained using the DSSV08
and NNPDFpol1.1 PPDFs is almost less than 2% in full
range of Q2. By studying the dependence of GA on the
value of scale µ at which PPDFs are chosen, we can also
found that as µ decreases, GA increases especially for
larger values of Q2, so that the difference between the
results of µ = 1 and µ = 2 GeV reaches 30% at Q2 = 2
GeV2. Overall, we have concluded that taking PPDFs
at a lower scale µ can lead to a better description of the
experimental data. Moreover, we have investigated the
model uncertainties imposed on GA due to the PPDFs
uncertainties and also variation of α′ in profile functions
f(x). We have indicated that the uncertainty arising
from the α′ variations is dominant as compared to the
PPDFs uncertainty, except for very small values of Q2 in
which the PPDFs uncertainty becomes dominant. More-
over, by considering different scenarios, we have deter-
mined the optimal values of parameters of the model us-
ing standard χ2 analysis of the available experimental
data related to nucleon axial form factor. We used both
a simple and complex profile function to find the best
conditions for obtaining better consistency between the
theoretical predictions and experimental data. We have
shown that using GA data to determine the best value of
µ, in which PPDFs are chosen, leads to a smaller amount
for it (about µ = 1.0 GeV) compared with the value as-
sumed in Ref. [31] whether one uses a simple ansatz or a
more flexible ansatz. In addition, using a simple ansatz
leads to a smaller value for α′ rather than one obtained
by the study of strange Dirac form factor F s1 [31], while
using a complex ansatz leads to α′ = 1.054 GeV2 which
is in consistent with the result of Ref [31]. More precise
measurements of neutrino cross section on hydrogen and
deuterium are needed to unravel the axial structure of
the nucleon.
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